Representations of the Poincaré symmetry are studied by using a Hilbert space with a phase space content. The states are described by wave functions ( quasi amplitudes of probability) associated with Wigner functions (quasi probability density). The gauge symmetry analysis provides a realization of the Seiberg-Witten gauge theory for noncommutative fields.
I. INTRODUCTION
Considering the association of noncommutative geometry with string theory, Seiberg and Witten [1] studied a string dynamics described by a minimally coupled supersymmetric gauge field in a non-commutative space. The result is a generalized gauge field A µ with an antisymmetric tensor field given by
where {A µ , A ν } M is the MoyalPoisson bracket. Here we present a realization of such a noncommutative gauge theory, starting with representations of space-time symmetries in a phase space manifold. In particular, we show that correlation functions are closely associated with the Wigner function, describing bosons and fermions.
The idea of noncommutativity in R 3 starts with a suggestion by Heisenberg [3] , which was realized by Snyder [4, 5] and Yang [6] , by exploring the de Sitter space. The algebraic structure of non-commutative geometries has been developed along different lines, in particular in association with c*-algebras [7] . The interest in noncommutative theories, since the 1990s, is due to a variety of applications [1, 8] , including abelian and non-abelian gauge theories [8] [9] [10] [11] , gravity [12, 13] , standard model for particles [15, 16] , supersymmetry [17] and in quantum Hall effect [18] . Issues such as the ultraviolet/infrared mixing and the renormalizability of noncommutative theories have been also addressed [19] [20] [21] .
The compatibility of non-commutative geometries and the Lorentz space-time symmetry has been achieved with the twisted noncommutative theories [22] [23] [24] . However, this type of compatibility arises also in the Wignerfunction formalism [25, 26] , initially proposed for developments in quantum kinetic theory. The algebraic structures and applications of Wigner-function are of interest in a vast range of areas, including noncommutative geometries and relativistic theories [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] . It is important to mention the use of this method in experiments considering the reconstruction of quantum states and measurements of Wigner function in quantum tomography [41] [42] [43] [44] [45] .
Associated with the algebraic structure of the Wigner formalism, there are studies exploring the notion of wave function in phase-space [32, 33, 36, 37] , a crucial step to develop abelian and non-abelian gauge theories, with a close connection to Wigner theory. However, several aspects in these methods remain to be clarified; the most important being a rigorous association of wave functions in phase-space (or the quasi-amplitude of probability) with the Wigner function (the quasi distribution of probability), in order to provide a physical interpretation for the formalism [32, 33, [46] [47] [48] . This problem is addressed here in order to carry out an analysis of a gauge theory associated with the Wigner function. This leads to a realization of the Seiberg-Witten gauge theory for noncommutative fields. We start, in Section 2, by presenting the Poincaré-Lie algebra, using a carrier Hilbert space with the content of phase space. This is used in Section 3 to derive spin zero and spin 1/2 representations. Then, in Section 4, the gauge theory is constructed for bosons and fermions. Some final concluding remarks are presented in Section 5.
II. PONCARÉ GROUP IN PHASE SPACE
Let M be an analytical manifold where each point is specified by Minkowski coordinates q µ , with µ = 0, 1, 2, 3, and a metric such that diag(g)= (+ − −−). Let T * M be the cotangent-bundle, where each point is specified by the coordinates (q µ , p µ ). We use this twofold structure of T * M to construct a standard representation for the c * -algebra with the content of a phase space.
We take advantage of the fact that T * M can be equipped with a symplectic structure via a 2-form ω = dq µ ∧ dp µ , called the symplectic form. Let us define the
such that for C ∞ functions, f (q, p) and g(q, p), we have
where
is the Poisson bracket. The space T * M endowed with this symplectic structure is called the phase space, and will be denoted by Γ.
In order to construct a Hilbert space in C ∞ (Γ), let H(Γ) be a linear subspace of the space of measurable functions ψ : Γ → C which are square integrable, i.e. such that
The Hilbert space is introduced by defining the inner product, ·|· , on H(Γ), as
where we take (q µ , p µ ) = (q, p), and ψ(q, p) in C ∞ (Γ). In this case we have ψ(q, p) = q, p|ψ , with
Using the kets |q, p , we define the following c-number operators Q and P by
fulfilling the commutation condition [Q, P ] = 0. This Hilbert space is taken here as the representation space of the Poincaré symmetries. For the sake of physical interpretation, the state of a system will be described by functions ψ(q, p), with the normalization condition
A unitary transformation in H(Γ) is the mapping U : H(Γ) → H(Γ) such that ψ 1 |ψ 2 is invariant. We consider the mapping U ∆ = exp(−i ∆/2), where ∆ = ∂ ∂q µ ∂ ∂pµ . This linear transformation gives rise to the following basic operators
In natural units ( = c = 1), which, unless explicitly stated, we use from now on, these operators satisfy the following commutation relation:
Then we construct a representation for the Poincaré group in phase space, by defining
such that the Poincaré Lie algebra is given by
other commutation relations are zero. Explicitly, we have
In order to construct representations, we use the Casimir invariants
is the Pauli-Lubanski vector.
III. SCALAR AND DIRAC FIELDS IN PHASE SPACE
For the scalar representation, we have s = 0, such that
, that leads to
(10) This is a Klein-Gordon-like equation written in phase space. In order to find the physical meaning for such an equation, we show the association of φ(p, q) with the Wigner function. Indeed it has been shown that [46, 47] 
satisfies the equation
such that
is the Moyal bracket, where the star product given by
Thus we introduce the Wigner mapping in the following way. Let A be an operator acting in the Hilbert space H. The Wigner mapping W : A → A W (q, p) is defined by
Considering such a mapping for f W (q, p), with W : ρ → f W (q, p), then we show that [29] [
This is a Liouville-von Neumann-like equation. Since dqdpf W (q, p) = 1, we have Trρ = 1, implying that ρ is a density matrix and f W (q, p) is a Wigner function derived from ρ. In addition, it is important to observe that if we consider, for instance, ρ(q) = φ(q)φ † (q), with φ(q) ∈ H, then φ(q) satisfies the Klein-Gordon equation,
An operator A acting on the Hilbert space H is mapped into a Wigner representation by W : A → A W (q, p), which in turn is mapped in operators acting on H(Γ), such as
Then we derive the composed mapping Ω • W : A → A(Q, P ).
As an example, consider, respectively, the position and momentum operators, q and p defined by acting on the Hilbert space H, we have
where the operators Q µ and P µ were first introduced in Eq. (5) and Eq. (6), respectively. In addition, we prove the following identity for the average of an observable A(P, Q) in a state |φ ∈ H(Γ):
where we have used
It is important to emphasize that the association of φ(q, p) with the Wigner function provides the physical interpretation of the formalism based on representations in the Hilbert space H(Γ). In this case, since the Wigner function is a quasi-distribution of probability, it is natural to denominate φ(q, p) as a quasi-amplitude of probability. Representations for fermions are carried out following standard procedures. Taking s = 1/2 in the PauliLubanski vector, it leads to a Dirac equation in phase space given by [48] 
where the γ-matrices satisfy (
In a similar manner as for the case of bosons, considered before, the Wigner function associated with the Dirac field in phase space is
satisfying the equation of motion
such that, considering a mapping
It is worth mentioning that, due to the nature of the probability quasi-amplitude, Eq. (10) and Eq. (13) provide phase-invariant field formalisms in phase space (which is not the case of the usual Wigner function method). This aspect is developed in the following.
IV. SEIBERG-WITTEN GAUGE FIELDS
The Lagrangian of the free Klein-Gordon field describing N -bosons is written as
where φ ≡ φ(q, p). From this lagrangian, Eq. (10) can be derived. Our aim is to analyze the invariance of Eq. (15) under local gauge transformations. In this sense, we take the transformation rules given by
and where Λ ≡ Λ(q, p). For infinitesimal transformation,we have δφ = −iΛ ⋆ φ and δφ
and
It should be noted that, (p µ ⋆ φ) and (p µ ⋆ φ † ) do not transform covariantly, i.e. not in the same way as φ and φ † themselves. To demonstrate this aspect, we define the operator
leading to a Lagrangian written as
Now we have to prove the invariance of this Lagrangian. It follows immediately that
Now, using the identity
we have
Considering a gauge transformations of the second kind, we demand that,
which is the covariant transformation rule. Similarly, we show that
Then we have the following rule for the minimal substitution: replace p µ ⋆ by p µ ⋆ −iA µ ⋆. The Lagrangian given by Eq. (19) is now invariant. The field A µ , however, must contribute by itself to the Lagrangian. Then we define
so that F µν is invariant. Then the final Lagrangian is
This provides a realization of the Seiberg-Witten gauge theory for noncommutative fields. Proceeding with the usual canonical quantization, we take φ as an operator acting in a (symplectic) Fock space, such that the two-point function for the free field is defined as
where T is the time-ordering operator. The physical interpretation of G(q − q ′ , p − p ′ ) is obtained by observing that it is related to the Wigner function by [48] f W (q, p) = lim
(27) This provides a way to develop a perturbative theory for the Wigner function considering this scalar electrodynamics in phase space. Observe that we have the mapping:
, such that 0|T[φ(q)φ * (q ′ )]|0 is the usual propagator for the free Klein-Gordon field. For the gauge field, considering the changing φ → A µ , we obtain similar correlation functions, with the same physical interpretation.
Considering then the gauge invariance, we obtain a realization of the Seiberg-Witten gauge theory for fermions L = ψ(q, p)(γ µ D µ ⋆ψ(q, p)+m 2 ψ(q, p)ψ(q, p)− 1 4 F µν F µν .
This gauge invariant Lagrangian in phase space provides a theory associated with a Wigner function for spin 1/2 particles.
V. CONCLUDING REMARKS
In this paper, we have derived the field theory in phase space, associated with Wigner functions. Taking into account the notion of wave-functions in phase-space (quasiamplitudes of probability), we are able to introduce gauge fields in phase space. Then equations for the quantum electrodynamics in phase space are derived. It is important to emphasize that the gauge symmetry provides a realization of the Seiberg-Witten gauge theory for noncommutative fields. The generalization for non-abelian gauge fields, although intricate, follows along similar lines. This aspect will be analyzed closely elsewhere.
